Implementation of quantum gates based on geometric phases accumulated in the eigenstates of 

periodic invariant operators 



L. B. Shao 12 , Z. D. Wang 21 *, and D. Y. Xing 1 
1 National Laboratory of Solid State of Micro structure and Department of Physics, 
Nanjing University, Nanjing 210093, China 
2 Department of Physics and Center of Theoretical and Computational Physics, 
University of Hong Kong, 
Pokfulam Road, Hong Kong, China. 

We propose a new strategy to physically implement a universal set of quantum gates based on geometric 
phases accumulated in the nondegenerate eigenstates of a designated invariant operator in a periodic physical 
system. The system is driven to evolve in such a way that the dynamical phase shifts of the invariant operator 
eigenstates are the same (or mod 2ir) while the corresponding geometric phases are nontrivial. We illustrate 
how this strategy to work in a simple but typical NMR-type qubit system. 
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Quantum computation, based on fundamental quantum me- 
chanical principles such as superposition and entanglement, 
may provide a promising perspective to advance modern com- 
putational science Q10D- So far, a lot of substantial efforts 
have been dedicated to the field of quantum computation and 
a number of significant progresses have been made j2>SBSl ■ 
Nevertheless, quantum computation is still facing great chal- 
lenges before it can be put into practice. As one of them, how 
to suppress the random errors during gate operations has been 
paid much attention for the past years. 

Recently, geometric quantum computation(GQC), expected 
as an intrinsical fault-tolerant scheme, was proposed by us- 
ing NMR|6, 7], superconducting nanocircuits 01 El. trapped 
ions I1CJ| . or semiconducting nanostructures lllll . As is well 
known 1 12, for an adiabatic(or nonadiabatic) cyclic 

evolution, the associated total phase shift consists of both dy- 
namic and geometric components, where the geometric phase 
is interpreted as a holonomy of the Hermitian fiber bundle 
over the parameter (projective Hilbert) space. Since the ge- 
ometric phase depends only on the global geometry of the 
path executed in the evolution, a set of quantum logical gates 
related only to the pure geometric phase shifts in the gate 
operations are likely to have an adva ntag e that is insensi- 
tive to stochastic operation errors 1151 Hal . A kind of adi- 
abatic GQC based on the conditional Berry phase was first 
proposed IrxIM flOlfllll . while the adiabatic condition may not 
be satisfied in many realistic cases since it requires to oper- 
ate a quantum gate very slowly so that the relevant instan- 
taneous energy eigenstates follow its Hamiltonian to evolve. 
On one hand, faster operation leads to severe distortions in 
the expected outcome, while on the other hand, the operation 
must be completed within the decoherence time of the sys- 
tem. In order to overcome this disadvantage, another kind 
of quantum gates based on the nonadiabatic geometric phase 
was suggested These gates possess likely the virtues 

of both fast running speed and intrinsic geometric features of 
the adiabatic GQC. It is remarked that a key point in the above 
conventional GQC s chemes is to avoid or remove the dynamic 
phaseslril^lal^ flflflllfl7il . so that only the geometric phases 
are accumulated in the whole gate operation. Apart from these 



method, an unconventional GQC was also proposed to con- 
struct quantum gates in several physical systems fill [1^1 . 

In this paper, we propose a new strategy to implement a set 
of quantum gates based on the geometric phases accumulated 
in the nondegenerate eigenstates of a periodic invariant oper- 
ator in a physical system. Let the system to evolve in such an 
intriguing way that the dynamical phase shifts of the invari- 
ant operator eigenstates are the same (or mod 2ir) while the 
corresponding geometric phases are nontrivial. In particular, 
we illustrate how to realize our scheme in a simple but typical 
NMR-type system. Certainly, the present strategy can also be 
applied to other systems. 

Consider a physical system whose Hamiltonian H(t) and 
an invariant operator I(t) are time-dependent and evolve pe- 
riodically with periodicity r l20tl . i.e., 

H(0)=H(t), /(0)=f(r), (1) 

where the invariant operator I is determined by (h = 1) 

dl r ~ 

— -i[I,H}=0. (2) 

To realize the geometric quantum gates based on the invari- 
ant operator strategy, we here focus only on the simple cases 
in which all the eigenstates of / are nondegenerate. From 
Eq.(2) and the eigenvalue equation I\n, t)i = \ n \n, t)j (n = 
1, 2, ...), it is straightforward to summarize the following three 
properties of 1 1E0H21II22I1 . (i) All eigenvalues {A„} are time- 
independent. (ii)The evolving state \n,t)s = U(t, 0)|n, 0)/ 
is always the eigenstate of I(t) with the same eigenvalue 
A„, where U(t, 0) is the evolution operator satisfying the 
Schrodinger equation i-§^U = HU. Since both \n, t)s and 
\n,t)i are the eigenstates of I(t) specified by the same eigen- 
value A„, there exists a time dependent gauge transformation 
between them 

\n,t} s = e^\n,t}j (3) 

with 

7n(*) = j^ dt'(n,t|iA_F(t')|n,<'>j, (4) 
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where the phase {"f n } is referred to as ths Lewis phase|21]. 
(iii) Transitions between the eigenstates specified by different 
eigenvalues are impossible, simply because that the evolution 
operator represented in the basis \n,t)j reads 



U[(t, 0) 



/ e ni(*) 



V 



(5) 



In addition, from the periodic condition given by Eq.(l), it 
is straightforward to derive a key relation \n,r)j — \n,0)i, 
which plays an essential role in the present scheme. 

Recently, a theory of geometric phase for invariant opera- 
tors was developed 1201 . The corresponding geometric phase 
is interpreted as a holonomy inherited from the universal 
Stiefel bundle over a Grassmann manifold. For a cyclic evo- 
lution of the eigenstate of I(t), the Lewis phase in Eq.(4) 
is nothing but the total phase shift consisting of the geo- 
metric phase Jq dt (n,t \i-^r\n,t )i and the dynamic one 

- J T dt (n, t \H(t')\n, i'}/(ll|2(J|22|]. To achieve quantum 
gates that depend only on geometric phases, we need to elim- 
inate the above dynamic phases. We consider a system whose 
space bases are the normalized nondegenerate eigenstates of 
7(0). An arbitrary initial state in the system can be written as 
1^(0)) = ^ n c„|n, 0)/, where {c n } are the expansion coeffi- 
cients. After operating a periodic evolution as given in Eq.(l), 
the final state becomes 



l*(r)> 



n,0)j 



(6) 



where 7„(r) is the total phase shift of the state \n, 0)i which 
consists of the dynamic part 7„(r) and the geometric part 
7«( T ) OQ- Here, we have used the condition \n, t)j = 
\n,0)j. If the accumulated dynamic phases of {|n, 0)/} are 
the same (or mod 2ir), namely, 



lt(r) = 7o + 2^„7r, 
where K n is an integer, the final state \^(t)) is given by 



|*(r)> 



5> n 



|n,0)j. 



(7) 



(8) 



Note that, the overall phase shift 70 in Eq.(8) is irrelevant to 
the designed quantum computation, and thus only the geo- 
metric phase is relevant to the gate operation, which is just 
a key idea to construct in principle geometric quantum gates. 
In fact, the present geometric strategy is to operate quantum 
gates in such a way that the nondegenerate eigensates of the 
invariant operator accumulate the same dynamic phase but 
with the nontrivial relative geometric phases. 

As a simple but typical example, we now illustrate how to 
implement the above generic strategy in an NMR-type qubit 
system, noting that the NMR has been a mature technique 
to simply simulate/examine quantum information processing 
schemes. Certainly, the present scheme is also applicable in 
principle to other quantum systems that evolve nonadiabati- 
cally. Consider an NMR-type spin- 1/2 system, subject to a 



rotating magnetic field given by 

B(t) = {-B 2 coswi, -B 2 sinwi, -Si), (9) 

where B\ and B 2 are respectively the amplitudes of z and 
xy-plane components of the field. The corresponding qubit 
Hamiltonian can be written as 

1 1 1/0 e -iut \ 

H{t) = --^bv-B = -cjicr 2 + -w 2 I e iut ) ' ( 10 ) 

where cr x ,y,z are the Pauli matrices, bj\ = [IbB\ and oj 2 = 
^bB 2 with /is as the Bohr magneton. The corresponding 
evolution operator is 12311 



U{t,0) = e -^W2 e -«M 



(ID 



where Hq = H (0) — oja z /2 is just the Hamiltonian denoted 
in the rotating framework. An invariant operator satisfying 
Eq.(2) is then found to be 



1 I/O e~ iuJt 







(12) 



Obviously, 1(0) = H , and the invariant operator follows 
the Hamiltonian to evolve cyclically with periodicity r = 
2it/lu. The eigenvalues of I are evaluated to be ±A/2 with 
A = y/ui2 + (wi — ui) 2 , and the two corresponding eigen- 
states are derived as |iA,t)/ = cos^| |) + e Mt sin^| j) 
and I - |A,t)j = -sinf| |) + e Mt cos|| |), where 
X = 2 arctan A+ "7" 1 , | t) an d I I) are tne two eigenstates 
of cr 2 . Since 1(0) = Hq, \ ± ^A, 0}/ are also the eigenstates 
of Hq. For a cyclic evolution and in the basis | ± |A, 0)/, the 
evolution operator Ui(t) can be simply written as 



Uj(t,0) 



e in(l-X/uj) Q 

Q e i7r(l + A/w) 



(13) 



Note that, if we choose the computation basis as | |) and | J, 
), the unitary transformation U(t, 0) between the input and 
output states can also be spelt out explicitly l24ll 



cos 2 f + e 17 sin^ ^ i sin x sin 7 



2 x 



U = I 7 . . 2 

1 sm x sm 7 



e" ' sm 2 I + e 11 cos 2 | 



where 7 = 7+ = 7r(l — A/w) is the total phase shift of 
I^A, 0}/ in one cyclic evolution. 

Similarly, the total phases shift of | — i A, 0)/ is expressed as 
7_ = 7r(l + A/w) in the cyclic evolution. The corresponding 
dynamic phases are derived to be 



T7T 



cos(x-0), 



(14) 



with 9 = arctan^/^i). Here (x — 0) is just the angle be- 
tween the magnet field and the state vector in the Bloch sphere 
as the eigenstate of / rotates with H. The geometric phases of 
I ± ^A, 0)/ are found to be 



7± = t(1 ± cosx)- 



(15) 
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Using Eq.(7)) to eliminate the dynamic phases in the gate op- 
eration, we are able to derive a relation for three parameters 

u>±, u>2 and to 



(A + lu — u>i)(u; 2 — wwi + w|) 



w| + (A + w 



~2"' 



(16) 



where A' is an integer. In the simplest case of K = 0, we have 
ujf + uj\ = iow\. The geometric phases are simply given by 



7^ = tt(1 T -) = tt(1 icosx)- 

a; 



(17) 



Comparing with the existing GQC schemes I24II . the 
present strategy is simpler and more operable. Also interest- 
ingly, in the adiabatic evolution, i.e., ui <C u)i,u) 2 , one has 
dl/dt w 0, so that [I,H] ~ and / w H in the present ex- 
ample. In this case, the two eigenstates of / are also the instan- 
taneous eigenstates of H and the conventional Berry phase is 
recovered 12011 . Moreover, under the adiabatic approximation, 
a set of adiabatic Abelian geometric gates can be constructed 
more rigorously using the present theory plus a two-loop gate 
operation that can simply eliminate the dynamic phase. 

At this stage, we elaborate how to realize a universal two- 
qubit quantum gate, namely, to construct a controlled-C/ gate 
given by the following unitary transformation 



Uc(T) 



E O 

o u 



(18) 



where E and O represent respectively the 2x2 unitary and 
zero matrixes , and T is the operation periodicity of the 
gate. For simplicity but without loss of generality, we con- 
sider that the two spin- 1/2 systems are coupled by an ordinary 
— J(J\ z a 2z j2 term with the coupling strength J. We also set 
Bi = for each single qubit and let the two resonant magnetic 
fields are applied only on the first qubit. The total Hamiltonian 
for this two-qubit system reads 

H t = -^J<j 1z <t 2 z + 7^ (cti x c °suit + a ly sinwi) (19) 

where <j\ and a 2 are the Pauli matrix for qubits 1 and 2, re- 
spectively. In the representation of | ||), | |j), | fj.) and | J.J.), 
H t can be decomposed into a direct product of the two single- 
qubit Hamiltonians as 



H t = H 1 0H 2 , 
where Hi and H 2 are written as 

ft —- f ~ J UJ ° e ^' 
2 I w e Mt J 



(20) 



and 



ft = i ( J w ° e "" t 

2 2 I uJ e wt -J 



Clearly, H\ corresponds to the subspace spanned by bases | f f 
) and ||t}' while H 2 is in the subspace spanned by bases | ] |) 



and | ||). These two subspace are orthogonal. The invariant 
operator in Eq.(2) is found to be 



where 



and 



h 



It = h®h, 



-J-oj uj e- iuJt 
Lu e lljjt J + uj 



(21) 



If J- 



2 V woe 



-J + UJ 



The eigenvalues are ±Ai/2 and ±X 2 /2, where Ai = 
\A^g + ( J + <->j) 2 and A2 = tJoJq + (J — lu) 2 , respectively. 
The corresponding eigenstates of / are | i Ai , i) = cos ^-| TT 

) + e^sinf j U>. I - |Ai,t) = -sinf I Tt) + 
e^cosf I ||), ||A 2 ,*> = cos^l t|)+e Mt sin^| ||) 
and I - |A 2 ,t) = -sin^f I Tl) + e iwt cos^| ||), where 



\i 



2 arctan 



Xi+u+J 



and \2 — 2 arctan — 



A 2 +w — J 



For a 



cyclic evolution, the evolution operator of H t in the represen- 
tation of j ± iAi, 0) and | ± iA2, 0} can be written as 



2' ,J -> "/ 1 - 1 - 2' 

U i (t)=U 1 {t)®U 2 (t), 



(22) 



where 



and 



Ui(t) 



U 2 {t) 



e "r(l-Ai/w) Q 

gi7r(l+Ai/o)) 



s i7r(l-A 2 /w) 







i7r(l+A2/w) 



By a close inspection on Eq.(22) and considering that Ai ^ 
A2, we find that once a multi-cycle evolution T = mr is op- 
erated, one may be able to achieve a two-qubut gate given by 
Eq.(18). For such an operation, the unitary transformation is 
given by 



Ui(T) = Ui(mr) = t//(r) r 



(23) 



Theoretically, for a rational (Ai/w), one may assert the rela- 
tion 



m7r(l + Ai/w) = 2Nir, 



(24) 



to be satisfied, where N is an integer. This condition makes 
Ui to be a unitary matrix, namely, 



Ui(T) 



E O 
O U 2 (niT) Jj 



(25) 



Correspondingly, in the bases (| tt). I IT), I Tl), I ID), we 
have also a controlled-U gate in the form 



Uc(T) = 



E O 
O U 2 {mT) 



(26) 
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Under this multi-cycle operation, the dynamic phase of U2 is 
7^(mr) = mj^. (r). Thus we choose the appropriate param- 
eters to ensure Eq. (16), i.e., 



(A 2 +lu - J)(J 2 - Ju + ojI) Kuj 



ujI + (A 2 +uj - Jf 



2m 



(27) 



When qubit 2 is down, the geometric phase for K = is 

A 2 



7|± = "wr(l T — )■ 



(28) 



As a result, a universal geometric quantum gate is realized. 
For instance, if we set K = 0, N = 4, J = |=u;, an d = 

4 ^" cj, we could have m = 3. The geometric phases are thus 



In summary, we have proposed a new strategy to implement 



a set of quantum gates based on the geometric phases accumu- 
lated in the nondegenerate eigenstates of an invariant operator 
in a periodic physical system. An intriguing way is presented 
to eliminate the dynamical phase shifts in the designated gate 
operation. In addition, we have also illustrated how to imple- 
ment our scheme in a simple but typical NMR-type system, 
while the present strategy may also be feasible in other sys- 
tems. 
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